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The phenomenon of tumbling of microscopic objects is commonly associated with shear flows. We
address the question of whether tumbling can also occur in stretching-dominated flows. To answer
this, we study the dynamics of a semi-flexible trumbbell in a planar extensional velocity field. We
show that the trumbbell undergoes a random tumbling-through-folding motion. The probability
distribution of long tumbling times is exponential with a time scale exponentially increasing with
the Weissenberg number.
I. INTRODUCTION
Various microscopic objects, when immersed in a laminar shear flow, perform a tumbling motion in the plane of
the shear. These include anisotropic solid particles [1], flexible and semi-flexible polymers [2–4], vesicles [5], bacteria
[6], red blood cells [7] (for related numerical studies, see, e.g., Refs. [8–13]). The tumbling dynamics depends on the
nature of the object and on its interaction with the fluid: tumbling may occur only within a restricted range of shear
rates, and it can be periodic, chaotic, or random.
Axisymmetric solid particles and elastic dumbbells are among the simplest objects that tumble in shear flows.
In a viscous simple shear flow of a Newtonian fluid, a neutrally buoyant axisymmetric particle spends most of the
time aligned with the direction of the flow and periodically reverses its orientation [14, 15]. If the axisymmetry
of the particle is broken, the tumbling motion may become doubly-periodic or even chaotic [1, 16, 17]. An elastic
dumbbell, which consists of two beads joined by a spring, also performs an end-over-end tumbling motion in a shear
flow [18–21]. Under the effect of Brownian fluctuations, the reversals occur at random times and are characterised by
a transition from the stretched to the coiled state. The distribution of the time intervals separating two reversals has
an exponential tail with a time scale that decreases as a power-law of the Weissenberg number (the product of the
amplitude of the velocity gradient and the relaxation time of the spring).
Here we address the question of whether tumbling can also exist in stretching-dominated flows and, if so, what the
minimal requirements are for a particle to tumble in such flows and how the resulting tumbling motion compares with
the analogous motion in a shear flow. The orientational dynamics of an axisymmetric particle or of an elastic dumbbell
in a purely extensional velocity field is trivial: such objects indeed simply align with the stretching direction. In order
to observe tumbling in an extensional flow, we must consider objects that can bend. The ‘trumbbell’ is one of the
simplest semi-flexible objects: It consists of three beads joined by two rigid connectors and of an elastic hinge at the
central bead [22] (see also [23]). Owing to its simplicity, the trumbbell was originally used to study the low-frequency
dynamics of stiff macromolecules analytically (e.g. [24, 25]). We show that in an extensional flow a trumbbell spends a
significant amount of time extended and oriented along the stretching direction of the flow; occasionally, a favourable
sequence of Brownian fluctuations make the trumbbell fold, reverse its orientation, and unfold. We examine this
tumbling-through-folding dynamics in terms of the stable configurations of the trumbbell and of the associated basins
of attraction. The properties of the statistics of the tumbling times are explained by using the large deviations theory.
In particular, the analysis of the tumbling statistics reveals a fundamental difference between the tumbling motion
of a trumbbell in an extensional flow and the tumbling motion of an elastic dumbbell in a simple shear flow. In the
former case, indeed, the mean time that separates two reversals grows with the Weissenberg number, and the growth
is exponential.
Section II describes the trumbell and specifies its configuration in terms of angular variables. Section III examines
the stationary statistics of the configuration of a trumbbell in a two-dimensional extensional flow. Section IV analyses
the tumbling motion and its statistical properties; analogous results in three dimensions are also presented. Finally,
conclusions are drawn in § V.ar
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FIG. 1: A trumbbell in the frame of reference of its centre of mass. The origin coincides with the centre of mass. The flow is
extensional (streamlines shown in gray) with stretching in the x direction and compression in the y direction. (Online version
in colour.)
II. THE TRUMBBELL
A trumbbell consists of three identical beads located at xν (ν = 1, 2, 3) and joined by two inertialess rods of length
` (see figure 1)∗. The internal angle between the rods is denoted by χ; since we distinguish the two configurations
obtained by interchanging x1 and x3, χ varies between 0 and 2pi. When χ = 0, 2pi the trumbbell is folded; when χ = pi
it is fully extended. A restoring force is imposed so that the trumbbell unfolds towards an equilibrium at χ = pi. This
force is described by the harmonic potential φ(χ) = µ(χ− pi)2/2 and models the resistance of the trumbell to bend.
The trumbbell is advected by a linear velocity field u(x, t), in which each bead experiences Stokes’ drag with
drag coefficient ζ. The fluid is Newtonian. The beads are assumed to be sufficiently small to experience Brownian
fluctuations. Furthermore, the inertia of the beads and the hydrodynamic interactions between them are neglected.
It is also assumed that the trumbbell does not modify the flow.
The centre of mass of the trumbbell, xCM = (x1+x2+x3)/3, moves according to the equation: x˙CM = u(xCM, t)+√
2ζkBT/3 ηˆ(t) , where kB is the Boltzmann constant, T is temperature, and ηˆ(t) is white noise (see the appendix).
In the reference frame of xCM, the configuration of the trumbbell can be described by 2(d− 1) angular coordinates q,
where d is the dimension of the flow [22]. The statistics of the configuration of the trumbbell at a time t is specified
by the probability density function (p.d.f.) ψ(q; t), which is normalised as
∫
ψ(q; t) dq = 1 and satisfies the following
diffusion equation [22] (see also Ref. [23] for the derivation):
∂ψ
∂t
= − ∂
∂qi
{
Gij
[(
κkl(t)rlν
∂rkν
∂qj
− 1
ζ
∂φ
∂qj
)
ψ − kBT
ζ
√
h
∂
∂qj
(
ψ√
h
)]}
, (1)
where κkl(t) = ∂luk(t) is the velocity gradient evaluated at xCM, rν = xν−xCM are the separation vectors describing
the location of the beads with respect to xCM, h = det(H) with Hij =
∑
ν,k
∂rkν
∂qi
∂rkν
∂qj , and G = H−1. Summation
over repeated indices is implied in (1). Note that in a linear flow the orientational dynamics of the trumbbell only
depends on the velocity gradient, which is spatially uniform (see also the evolution equations for the configuration of
the trumbbell in the appendix). The internal configuration of the trumbbell is therefore decoupled from the position
of the centre of mass. This implies that the statistics of q is independent of xCM; hence, without any loss of generality,
we study the dynamics of the trumbbell in the frame of reference that is translated with the centre of mass.
To simplify the analysis, we assume that the trumbbell is immersed in a thin layer of fluid and we restrict our
attention to d = 2. The case of a planar three-dimensional flow will be discussed at the end of § IV. In two
∗ Throughout the paper vectors are written in bold; calligraphic letters denote tensors.
3dimensions, we choose q = (θ, χ), where 0 ≤ θ < 2pi is the angle that the vector x3 − x2 makes with the x-axis; θ
gives the orientation of the trumbbell in the plane. The vectors rν can then be expressed in terms of θ and χ as
r1 = ` (2 cos(θ + χ)− cos(θ), 2 sin(θ + χ)− sin(θ)) /3,
r2 = −` (cos(θ + χ) + cos(θ), sin(θ + χ) + sin(θ)) /3,
r3 = ` (2 cos(θ)− cos(θ + χ), 2 sin(θ)− sin(θ + χ)) /3.
We also have h = `4(4− cos2 χ)/9 and
G = `−2

6
4− cos2 χ −
3
2 + cosχ
− 3
2 + cosχ
6
2 + cosχ
 .
Equation (1) can then be rewritten as a Fokker–Planck equation in two variables:
∂tψ = −∂θ(Vθψ)− ∂χ(Vχψ) + 12∂2θ (Dθθψ) + ∂θ∂χ(Dθχψ) + 12∂2χ(Dχχψ), (2)
where
Dθθ =
12kBT
ζ`2(4− cos2 χ) , Dθχ = −
6kBT
ζ`2(2 + cosχ)
, Dχχ =
12kBT
ζ`2(2 + cosχ)
and
Vθ = − 6kBT sinχ
ζ`2(2− cosχ)(2 + cosχ)2 −
3µ(pi − χ)
ζ`2(2 + cosχ)
−
1
4− cos2 χ{[2 sinχ cos
2(θ + χ) + cos θ(4 sin θ − cosχ sin(θ + χ))]κ11(t) +
[2 cosχ sin2(θ + χ)− sin θ(2 + cosχ) sin(θ + χ) + 4 sin2 θ]κ12(t) +
[−2 cosχ cos2(θ + χ) + cos θ(2 + cosχ) cos(θ + χ)− 4 cos2 θ]κ21(t) +
[2 cos θ(sin(θ + χ)− 2 sin θ) + cosχ(sin θ cos(θ + χ)− sin(2(θ + χ)))]κ22(t)},
Vχ =
12kBT sinχ
ζ`2(2− cosχ)(2 + cosχ)2 +
6µ(pi − χ)
ζ`2(2 + cosχ)
+
sinχ
2 + cosχ
{
[1− 2 cos(2θ + χ)]κ11(t)−
2 sin(2θ + χ)[κ12(t) + κ21(t)] + [1 + 2 cos(2θ + χ)]κ22(t)
}
.
The Fokker–Planck equation (2) is equivalent to the following system of Itoˆ stochastic differential equations:
θ˙(t) = Vθ +
√
Dθθ ξθ(t),
χ˙(t) = Vχ +
Dθχ√
Dθθ
ξθ(t) +
√
Dχχ −
D2θχ
Dθθ
ξχ(t),
(3)
where ξθ(t) and ξχ(t) are independent white noises. Note that in (3) Dχχ −D2θχ/Dθθ = 3kBT/ζ`2.
III. STATIONARY STATISTICS OF THE CONFIGURATION
By rescaling time in system (3), it is possible to formulate the equations in terms of two dimensionless parameters:
the stiffness parameter Z = µ/kBT and the Weissenberg number Wi = γζ`
2/µ, where γ is the magnitude of the
velocity gradient. The former expresses the relative intensity of the restoring force to that of Brownian noise, whereas
the latter compares the strengths of the flow and of the restoring force. In addition, we introduce the Pe´clet number
Pe = γζ`2/kBT = ZWi , which is the relative intensity of the flow to Brownian noise.
Consider a two-dimensional extensional flow u(x, y) = γ(x,−y), γ > 0, which consists of a stretching direction x
and a compressing direction y (figure 1)†. For this flow, the stationary p.d.f. of θ and χ takes the form ψst(θ, χ) =
† As noted in § 2, our study is not restricted to the case in which the centre of mass stays fixed at the stagnation point of the extensional
flow, but it is conducted in the frame of reference of the centre of mass and takes advantage of the fact that the statistics of the
configuration is independent of xCM.
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FIG. 2: Left: Contourplot of lnψst(θ, χ) for Z = 1 and Wi = 6. One minimum energy path (see § IV) connecting (pi, pi) and
(0, pi) is drawn with a solid magenta curve. Right: The marginal p.d.f. of θ for Z = 1 and Wi = 5 (red, solid), Wi = 10 (green,
dashed), and Wi = 20 (blue, dotted). (Online version in colour.)
N
√
h exp [(Φ− φ)/(kBT )] with Φ = (ζ/2)
∑
κijriνr
j
ν [22]; its explicit expression is:
ψst(θ, χ) = N
√
4− cos2 χ exp
[
ZWi(2 cosχ− 1) cos(2θ + χ)
3
− Z(pi − χ)
2
2
]
, (4)
where N is a normalization constant. The contour plot of lnψst(θ, χ) is shown in figure 2 (left) for representative
values of Z and Wi . It is easily shown that the maxima of ψst(θ, χ) are located at Ppi : (θ = npi, χ = pi), where n is
an integer. Hence, the trumbbell spends most of the time in an extended configuration and oriented in the stretching
direction of the flow. The peaks at Ppi become narrower as Wi increases, showing stronger preference for these
configurations (see the marginal p.d.f. of θ, P (θ) in figure 2, right). Also note that these peaks are not symmetrically
distributed around Ppi.
To understand the behaviour of ψst(θ, χ) when the flow is much stronger than both the restoring force and Brownian
noise, we set µ = 0 and kBT = 0 in (3), which corresponds to considering the limiting case Wi = Pe = ∞. The
resulting system is:
θ˙(t) = − γ
2(4− cos2 χ) [7 sin(2θ) + 4 cos(2θ + χ) sinχ− sin(2(θ + χ))] ,
χ˙(t) = − 4γ
2 + cosχ
[sinχ cos(2θ + χ)] .
(5)
The linear stability analysis of this system yields two stable configurations, both aligned with the stretching direction
of the flow (θ = 0, pi, 2pi). The first stable configuration is the extended one Ppi and is characterised by two negative
eigenvalues: λ
(1)
pi = −4γ, λ(2)pi = −2γ. The second stable configuration is the folded one P0 : (θ = npi, χ = 0, 2pi)
with eigenvalues λ
(1)
0 = −2γ, λ(2)0 = −4γ/3. As the velocity gradient γ becomes stronger, both configurations become
increasingly stable, since the eigenvalues are proportional to γ. However, the ratio of the most negative eigenvalues of
the two configurations is λ
(1)
pi /λ
(1)
0 = 2; hence the extended configuration Ppi is more stable than the folded one P0 for
all γ and is expected to dominate the long-time statistics. This fact can be understood by noting that the velocity of
a bead is proportional to its distance from the center of mass, and in the extended configuration Ppi the end beads
are farther from xCM than they are in the folded configuration P0.
The presence of the two stable configurations is seen in the vector plot of (θ˙, χ˙) shown in figure 3 (left). As both θ˙
and χ˙ are proportional to γ [see (5)], the geometrical structure of the vector plot does not change with γ. In accordance
with the stability analysis of the fixed points of (5), the vectors that lie in the neighbourhood of Ppi are larger than
those in the neighbourhood of P0. Therefore, the presence of Brownian noise allows an easier escape from the basin
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FIG. 3: Left: Vector plot of γ−1(θ˙, χ˙) for Wi = Pe = ∞. The size of the arrows are proportional to the magnitude of the vector
γ−1(θ˙, χ˙). The basins of attraction of Ppi (blue disks) are in gray; those of P0 (red disks) are in white. Right: Vector plot of
(θ˙, χ˙) for Z = 1,Wi = 6. The white areas are now the basins of attraction of P? (red disks). The light blue curve with markers
is a trajectory (θ(t), χ(t)) corresponding to a tumbling motion from θ = χ = pi to θ = 0, χ = pi. (Online version in colour.)
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FIG. 4: Three configurations near an extended equilibrium configuration for the same value of χ = 2.8. (Online version in
colour.)
of attraction of the folded configuration P0 than from that of the extended configuration Ppi. Conversely, a trumbbell
in an extended configuration is more likely to remain in the basin of attraction of this configuration, until there is
sufficient noise for it to fold. Also note that the basin of attraction of the points Ppi is not symmetrically distributed
around them, but there is a preferential direction along which the system is more strongly attracted (see figure 3).
Consider indeed two configurations with the same value of χ close to pi and with θ either slightly less than pi or slightly
greater than it (see figure 4). It is clear that the latter configuration is more strongly attracted to Ppi.
In the presence of restoring potential (Wi <∞,Pe =∞), the fixed points of system (3) and their stability can be
calculated numerically. Only Ppi remain stable fixed points; the configurations P0 are no longer fixed because of the
restoring potential. However, if the flow is sufficiently strong (Wi & 4 for Z = 1), there exist stable points P? : (θ?, χ?)
that approach P0 as Wi increases (see figures 3, right and figure 5, left). Moreover, the points Ppi are more stable than
P? for all γ and as Wi increases, the eigenvalues of Ppi and P? approach the corresponding eigenvalues of the Wi =∞
case (figure 5, right). Finally, the basins of attraction of Ppi and P? have similar structures to those of Ppi and P0
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when Wi is infinite (figure 3, right). These results indicate that the intuition gained from the study of the Wi = ∞
case holds true also for Wi < ∞. In particular, the stability analysis of the fixed points of the system explains why
ψst(θ, χ) shows high peaks only at the extended configuration Ppi and not at the folded configuration. Furthermore,
the examination of the basins of attraction of Ppi and of the vector field (θ˙, χ˙) clarifies the shape of these peaks.
IV. TUMBLING DYNAMICS
For sufficiently large Wi , the trumbbell is trapped in the basin of attraction of one of the extended configuration Ppi
for a long time. However, Brownian fluctuations may occasionally make it tumble between the aligned configuration
(θ = 0, 2pi) and the anti-aligned one (θ = pi). To investigate this phenomenon, we have performed numerical simu-
lations of (3) by using the Euler–Maruyama scheme with a time step dt = 10−3 [26] (we also performed numerical
simulations with smaller time steps, which confirmed the accuracy of our results). The inspection of a representative
time series of cos θ(t) and cosχ(t) confirms the aforementioned tumbling dynamics and shows that these reversals are
characterised by partial folding (figure 6). A typical trajectory in the (θ, χ) phase space is shown in figure 3 (right).
The trumbbell is initially extended and anti-aligned with the stretching direction. A favourable sequence of Brownian
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fluctuations makes it exit from the initial basin of attraction and pass through that of the folded configuration. The
trumbbell then unfolds towards the extended but aligned configuration. The movie included as a supplementary
material further illustrates this tumbling-through-folding motion.
Although the trumbbell always folds (possibly not completely) during a tumbling event, there are instances in
which folding does not result into a reversal and the trumbbell rapidly unfolds back into the original configuration
(see for instance figure 6 at t ≈ 1.2 × 103). In order to correctly identify a tumbling event, we shall therefore apply
the following criterion. Suppose that at time t1 the trumbbell is sufficiently extended, i.e.
| cos θ| > 1− , | cos(θ + χ)| > 1− , cos θ cos(θ + χ) < 0 (6)
for some small . We shall say that a tumbling occurs at time t2 if t2 is the smallest time after t1 such that (6) is
again satisfied and cos θ(t1) cos θ(t2) < 0. In our simulations, we set  = 0.01; we have verified that the specific choice
of  does not affect the statistical analysis of tumbling, provided the threshold 1−  is sufficiently close to 1.
The tumbling dynamics described above is not periodic. On the contrary, the time τ separating two tumbling
events are distributed randomly. For each different value of Wi , we have collected at least 104 tumbling realizations.
We find that the p.d.f. of τ has an exponential tail for large τ : p(τ) ∝ exp(−τ/τ0) for τ  τ0. Moreover, τ0 increases
exponentially as a function of Wi (figure 7, left). Hence, as the flow becomes stronger, it takes a longer time for a
tumbling to occur. The configurations Ppi indeed become increasingly stable, and larger Brownian fluctuations are
required for the system to escape from the basins of attraction of Ppi.
The above properties of p(τ) can be predicted by using the Freidlin–Wentzell large deviations theory [27] (see also
[28]). Indeed, for large values of Wi , tumbling in an extensional flow can be regarded as escaping from an attractor
of a stochastic dynamical system in the limit of small noise. The p.d.f. of the exit time thus has an exponential tail
and the mean exit time increases exponentially as the amplitude of the noise vanishes. The same theory also predicts
the tumbling-through-folding phenomenon. Indeed, the most probable transition paths, or minimum energy paths,
that connect two adjacent configurations Ppi are parallel to the gradient of the pseudo-potential V = − lnψst [29].
The application of the improved string method to V [30] shows that these minimum energy paths pass through the
folded configurations P?, which are saddle points of V . By way of illustration, a minimum energy path connecting
(pi, pi) and (0, pi) is given in figure 3 (right).
The analysis so far considers a two-dimensional velocity field. However, in a realistic planar extensional flow, a
trumbbell may move outside the plane of the flow. This situation can be described by considering a three-dimensional
velocity field u = γ(x,−y, 0). In this case, the trumbbell has four degrees of freedom, which can be described by
the internal angle χ and three Euler angles giving the orientation of the particle in space [22, 23]. This formulation,
however, is not suitable for numerical simulations because of singularities near to the extended configuration (see
the form of the tensor G in[23], p. 618). To circumvent this difficulty, we introduce the vectors ρ1 = x1 − x2 and
ρ3 = x3 − x2, which give the orientation of the rods in the frame of reference of the centre of mass. The system of
Stratonovich stochastic differential equations that describes the time evolution of ρ1 and ρ3 is derived in the appendix.
This system has been solved by using the Euler–Heun method with dt = 10−3 [26]. When Wi is sufficiently high, the
trumbbell is observed to be predominantly in the extended configuration χ = pi with the separation vectors aligned or
anti-aligned with the stretching direction of the flow. At random times, the trumbbell folds and reverses its orientation,
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with a dynamics similar to that observed in two dimensions. A time series showing cosχ and the first component of
ρ1 is shown in figure 8. The tumbling events can be identified as before by replacing cos θ, cos(θ + χ) with the first
components of ρ1,ρ3, respectively. The p.d.f. of the tumbling time is again exponential for long times with a time
scale increasing exponentially with Wi (figure 7, right). The tumbling statistics, therefore, shows properties similar
to those found in a purely two dimensional flow. For the same values of Wi , the mean tumbling time is however
significantly shorter than in two dimensions. This fact is attributed to the increased dimensionality of the system,
which makes it easier for the trumbbell to escape from the aligned or anti-aligned configuration. For the same reason,
the asymptotic exponential behavior of τ0 is observed at larger Wi compared to the two-dimensional case.
V. CONCLUSION
The phenomenon of tumbling is commonly associated with shear flows. The simplest objects that perform end-
over-end tumbling in a simple shear, viz. axisymmetric solid particles and the dumbbell, exhibit a trivial orientational
dynamics in an extensional flow and do not tumble. We have shown that, in contrast, a rich dynamics is obtained by
considering one of the most elementary semi-flexible objects, namely the trumbbell. The mere consideration of one
bending mode indeed yields a random end-over-end tumbling motion with exponentially distributed tumbling times.
While it is well known that several microscopic objects tumble in a shear flow, to the best of our knowledge tumbling
had not been observed in an extensional flow before. Moreover, we find a fundamental qualitative difference between
the tumbling motion in an extensional flow and the analogous motion in a shear flow. In the latter case, the typical
tumbling time decreases as a power law of Wi ; in the former case, it increases exponentially as Wi increases. This
difference is a consequence of the fact that the configurations aligned with the flow are stable in an extensional flow,
whereas they are unstable in a shear flow.
We have also shown that, in an extensional flow, a trumbbell reverses its orientation by folding and then extending
again in the opposite direction. This dynamics is reminiscent of the buckling instability of a fiber near to a hyperbolic
point [31]. Nevertheless, the tumbling motion described here is triggered by Brownian fluctuations that bend the
trumbbell, whereas the buckling instability of a fiber results from its internal dynamics and does not necessarily
require Brownian fluctuations.
The simplicity of the trumbbell model has allowed us to study its tumbling motion in detail and to relate this
phenomenon to the properties of the stable configurations of the trumbbell and to the structure of the corresponding
basins of attraction. In our study, we have focused on the most elementary version of the trumbbell model. In
particular, we have disregarded hydrodynamic and excluded volume interactions between the beads. If the size of the
beads is sufficiently smaller than their mutual separations, the inclusion of such interactions into the model would
somewhat modify the stable folded configuration but not the essential structure of the phase space of the system.
Therefore, although a more accurate description of the trumbbell would require taking into account hydrodynamic
and excluded volume interactions [32, 33], we do not expect these interactions to alter the essential properties of the
9tumbling dynamics, as long as the size of the beads is small compared to their mutual separations.
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Appendix A: Equations of motion of the trumbbell
In this appendix, we derive an alternative formulation of the internal dynamics of the trumbell that is suitable for
numerical simulations in three dimensions. In the reference frame of xCM, the configuration of a trumbbell can be
described by using the vectors ρ1 = x1 − x2 and ρ3 = x3 − x2. The position vectors of the beads satisfy:
mx¨ν = −ζ[x˙ν − u(xν , t)] + tν + fν +
√
D ην(t), ν = 1, 2, 3, (A1)
where m is the mass of each bead, D = 2ζkBT and ην(t) are independent d-dimensional white noises. The restoring
forces fν take the form f1 = µχ (ρˆ1 cotχ− ρˆ3 cscχ) ,f3 = µχ (ρˆ3 cotχ− ρˆ1 cscχ) and f2 = −(f1 + f3) with µχ =
µ(pi − χ)/` [32]. The tensions tν keep the distances between the beads constant. The terms on the r.h.s. of (A1)
describe Stokes’ drag, the rigidity of the rods, the resistance of the particle to bend, and Brownian noise, respectively.
Neglecting inertial effects yields:
x˙ν = u(xν , t) +
1
ζ
[
tν + fν +
√
D ην(t)
]
, ν = 1, 2, 3. (A2)
By using the linearity of the velocity field, we obtain:
x˙CM = u(xCM, t) +
√
D
3
ηˆ(t), (A3)
where ηˆ(t) is white noise, and
ρ˙1 = ρ1 · ∇u+ 1
ζ
(2t1 + t3) +
1
ζ
(2f1 + f3) + Γη˜1,
ρ˙3 = ρ3 · ∇u+ 1
ζ
(2t3 + t1) +
1
ζ
(2f3 + f1) + Γη˜3,
(A4)
where Γ =
√
2D/ζ and η˜i = [ηi(t)− η2(t)] /
√
2 with 〈η˜i(t)〉 = 0 and 〈η˜αi (t)η˜βi (t′)〉 = δαβδ(t− t′), i = 1, 3. We impose
the rigidity constraints d|ρi|2/dt = 0 to obtain:
ρi ◦ ρ˙i = 0, (A5)
where the symbol ‘◦’ indicates that the dot products involving the noise terms are understood in the Stratonovich
sense [26]. Equation (A5) may now be used to calculate the tensions:
t1 = −ζcχ [2σ1 − σ3 cosχ− µ˜χ + 2Γ(ρˆ1 ◦ η˜1)− Γ cosχ(ρˆ3 ◦ η˜3)]ρˆ1,
t2 = −(t1 + t3),
t3 = −ζcχ [2σ3 − σ1 cosχ− µ˜χ + 2Γ(ρˆ3 ◦ η˜3)− Γ cosχ(ρˆ1 ◦ η˜1)]ρˆ3,
(A6)
where σi =
∑
α,β `ρˆ
α
i ∂
αuβ ρˆβi with ρˆi = ρi/|ρi|, cχ = (4− cos2 χ)−1, and µ˜χ = ζ−1µχ sinχ(2− cosχ). By substituting
(A6) into (A4), we obtain the system:
ρ˙1 = A1 + B11 ◦ η˜1(t) + B13 ◦ η˜3(t),
ρ˙3 = A3 + B31 ◦ η˜1(t) + B33 ◦ η˜3(t). (A7)
The explicit forms of the vectors A1,A3 are:
A1 = ρ1 · ∇u− 2cχ [2σ1 − σ3 cosχ− µ˜χ] ρˆ1 − cχ [2σ3 − σ1 cosχ− µ˜χ] ρˆ3 + 1
ζ
(2f1 + f3) ,
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A3 = ρ3 · ∇u− 2cχ [2σ3 − σ1 cosχ− µ˜χ] ρˆ3 − cχ [2σ1 − σ3 cosχ− µ˜χ] ρˆ1 + 1
ζ
(2f3 + f1) ,
and the matrix-valued coefficients of the noises are
B11 = Γ [I + cχ (ρˆ3 cosχ− 4ρˆ1)⊗ ρˆ1] ,
B13 = 2Γcχ (ρˆ1 cosχ− ρˆ3)⊗ ρˆ3,
B31 = 2Γcχ (ρˆ3 cosχ− ρˆ1)⊗ ρˆ1,
B33 = Γ [I + cχ (ρˆ1 cosχ− 4ρˆ3)⊗ ρˆ3] ,
where I is the identity matrix and ⊗ denotes the tensor product. Equations (A7) can be shown to be statistically
equivalent to (1). The angle χ can be obtained from ρ1 · ρ3 = `2 cosχ. The above formulation holds both for d = 2
and for d = 3.
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